We prove the existence of a parabolic curve for a germ of biholomorphic map tangent to the identity at an isolated singular point of a surface under some conditions. For this purpose, we present a Camacho-Sad type index theorem for fixed curves of biholomorphic maps of singular surfaces and develop a local intersection theory of curves in singular surfaces from an analytic approach by means of Grothendieck residues.
Introduction
Let X be a two-dimensional complex manifold and Y ⊂ X a (possibly singular) compact complex curve. Also let Σ be a finite set of points of Y containing the singularities of Y and set Y 0 = Y \Σ. If there is some holomorphic action of the tangent bundle of Y 0 on the normal bundle of Y 0 in X, then, by the Bott vanishing theorem (see [4, 16] ), the first Chern form for an appropriate connection of the normal bundle vanishes on Y 0 . As a consequence, the first Chern class of the line bundle associated to the divisor Y localizes at Σ and gives rise to a residue at each point in Σ. This way we have a residue (index) formula saying that the selfintersection number of Y is given as the sum of these residues.
Applications of this principle are given in the paper [15] (see also [12] ) by the second named author (where the action comes from Y being a leaf of a foliation on X) and in the joint work [6] of the first named author with Tovena (where the action comes from Y being the fixed points set of a non-degenerate holomorphic map of X into itself). These works were motivated by the earlier paper by Camacho and Sad [8] , in the first, and the one by Abate [2] , in the second. In these papers, Y was assumed to be non-singular and the index theorems were used to solve problems about dynamics of germs of vector fields or maps. After these, some more generalizations (both for foliations and maps) were proposed; here we refer the interested reader to [16, 3, 5] and the bibliography therein.
In the case where X has singularities at some points of Y , there have been no index theorems available. Usually in applications one is lead to first resolve the singularities of X and then apply the above mentioned index theorems. In fact, this is the way Camacho [7] proves the existence of separatrices for a germ of a vector field at an isolated normal singular point of a two-dimensional variety, under the hypothesis that the dual graph of the resolution is a tree, generalizing the result in [8] .
In order to generalize the result of [2] , one would be tempted to mimic this strategy even for proving the existence of petals for germs of biholomorphisms tangent to the identity at an isolated singular point of a two-dimensional variety (with some hypothesis on the type of singularity allowed). But she/he would fail. Indeed, first, the method of desingularization exploited in [7] cannot be applied directly. Since it is possible in general to lift the biholomorphism only after a one point blow-up and not after the blow-up along a submanifold, and even in the case of one point blow-up, it is not always possible to get a desirable lift (see [1] ). Secondly (and mainly) because of this intrinsic difference between maps and vector fields: a vector field always has a singularity at a singular point of X whereas a biholomorphism may not (for the definition of singularity of a biholomorphism see Sec. 2). Thus, in order to solve the problem of the existence of petals for biholomorphisms tangent to the identity at a singular point, one is forced to remain on singular varieties and thus has to find a new way.
With the aim of giving an answer to such a problem, in this paper we present an index theorem when X is a singular two-dimensional variety nicely embedded in some complex manifold W .
The setting is as follows. Let W be a complex manifold, P ⊂ W a non-singular hypersurface and X a surface (two-dimensional subvariety) in W such that, if Y := X ∩ P , then the singular set Sing(X) of X is a finite set in Y . Assume P intersects X r := X\Sing(X) generically transversally. This allows a natural extension of the normal bundle of the regular part of Y in X, namely the restriction of the normal bundle N P,W of P in W to Y . Moreover assume there exists a biholomorphic map f of W into itself so that f (X) ⊂ X and f | P = Id P (one might substitute the map f by a one-dimensional foliation leaving X and P invariant obtaining a similar result; however we are not going to discuss further of it in here). Suppose f is tangential (or non-degenerate) on the non-singular part of Y . Roughly speaking f is tangential on Y if Y is "well-fixed" in X (see Sec. 2), and this condition is fulfilled whenever it is so at only one point. Then we obtain an index theorem (see Theorem 2.2) stating that the evaluation of the first Chern class of N P,W on Y equals the sum of the residues of f on Y . As often happens, an index theorem is useful only when the residues are explicitly calculated, and we thus perform an explicit calculation of such residues, see Eq. (2.7).
In order to express the index theorem and to apply it properly in our situation, we develop local and global intersection theories of curves in singular surfaces in Appendix. With these, we have a strict generalization of the Abate-Camacho-Sad index theorem (see Theorem 2.6). Also in Sec. 3, we determine the behavior of our residues under one point blow-ups, see formula (3.3). With such tools at hands we can solve the question about the existence of petals for germs of biholomorphisms tangent to the identity at a t-absolutely isolated point of X whose resolution graph is a tree (see Theorem 4.1 and Sec. 1 for the terminology). The proof is strongly based on our index theorem, which allows at each step of the desingularization process to select the "good" points to be blown-up, until we find a nice configuration which determines the existence of petals (see Sec. 4 for details).
Preliminaries
Let X be a complex analytic variety embedded in a complex manifold W and suppose that X has only one isolated singularity p. The point p is said to be an absolutely isolated singularity if it can be resolved by a finite number of blow-ups. That is to say, if there exist (1) complex manifolds W 0 = W, W 1 , . . . , W m , (2) varieties X 0 = X, X 1 , . . . , X m such that each X j ⊂ W j has only isolated singularities and X m is non-singular, (3) proper holomorphic maps π j : W j → W j−1 such that each π j : W j → W j−1 is a blow-up with center a singularity of X j−1 ⊂ W j−1 and the variety X j is the strict transform of X j−1 under π j .
If X is a (abstract) variety, an isolated singularity p ∈ X is said to be an absolutely isolated singularity if p can be resolved by finitely many blow-ups of a local embedding of X near p.
In this paper, we consider absolutely isolated singularities satisfying also the following:
(4) at each step of the above process, X j intersects generically transversally the exceptional divisor.
In the sequel, an absolutely isolated singularity satisfying (4) is simply called a t-absolutely isolated singularity.
Example. The variety {(x, y, z) ∈ C 3 : x 2 − y 2 + z 3 = 0} has a t-absolutely isolated singularity at the origin 0, whereas the Du Val singularity {x 2 + y 3 + z 3 = 0} at 0
is an absolutely isolated singularity which does not satisfy (4) . More generally the family {x 2 − y 2 + z 2r+1 = 0} with r ∈ N has a t-absolutely isolated singularity at the origin of C 3 .
Let X be a surface (two-dimensional variety) and p ∈ X a t-absolutely isolated singularity. Also, let f be a (germ of) biholomorphic self-map of X such that the point p is an isolated fixed point of f and that df p = Id; such a germ is sometimes called a biholomorphism tangent to the identity at p. Let T p X be the Zariski tangent space of X at p and assume T p X = C r for some r. Then there exists an embedding j : U → C r of a neighborhood U of p in X with j(p) = 0.
Lemma 1.1. There exists a germ of holomorphic self-map F :
Then g has components defined on the locally closed set j(V ) and therefore they extend to some neighborhood of j(V ). Let F be the germ defined by such extensions. By definition it follows that
By Lemma 1.1, we may assume that X ⊂ C r is a germ of surface with a tabsolutely isolated singularity at 0, f is a germ of a biholomorphic self-map of C r at 0 such that f (X) ⊂ X, 0 is an isolated fixed point of f | X and df 0 = Id.
Let W 0 = C r , X 0 = X and π 1 : W 1 → W 0 the quadratic blow-up centered at 0. Let X 1 := π −1 1 (X 0 \{0}) be the strict transform of X 0 , P 1 := π −1 (0), the exceptional divisor and Y 1 := X 1 ∩ P 1 . Note that Y 1 is a (possibly singular) curve.
Let Sing(X 1 ) be the set of singular points of X 1 and X r 1 := X 1 \Sing(X 1 ) the regular (non-singular) part. Also let X is a discrete set in X r 1 (in fact a finite set, by the following lemma).
In this coordinate system, let P 1 ∩ U = {h(z 1 , . . . , z r ) = 0} for some holomorphic function h defined on U . The aim is to show that ∂h ∂z1 (0, . . . , 0) = 0 meaning that 
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We have Sing(X 1 ) ⊂ Sing(Y 1 ), for P 1 is generically transversal to X r 1 . Thus Sing(Y 1 ) = Sing(X 1 ) ∪ X nt 1 , by Lemma 1.2. We set
It is possible to define a holomorphic self-map f 1 : [1] ). Thus f 1 (X 1 ) ⊂ X 1 and f 1 pointwise fixes P 1 . We call such a map f 1 a lift of f . Let N P1,W1 be the normal bundle of P 1 in W 1 so that we have the following exact sequence:
Also, let N Y 1 ,X 1 be the normal bundle of Y 1 in X 1 . Then it follows from the transversality
Proof. By the previous remark,
and therefore we only need to check that f 1 acts as the identity on N P1,W1 . To see this, let us introduce local coordinates (x, y) ∈ C × C r−1 around 0 ∈ W 0 in such a way that
where A h : C × C r−1 → C is a non-zero homogeneous polynomial of degree h ≥ 2 and B k : C × C r−1 → C r−1 is a vector whose coordinates are (not all zero) homogeneous polynomial of degree k ≥ 2. Let (u, v) ∈ C×C r−1 be local coordinates on W 1 so that π 1 (u, v) = (u, uv). In such coordinates,
Thus the differential df 1 on P 1 is given by
. In these coordinates, ρ( ∂ ∂u ) is a frame for N P1,W1 and the action of f 1 on N P1,W1 is given by
as wanted.
Residues for Singular Pairs
Let W 1 , P 1 , X 1 and Y 1 be as in the previous section. As noted there, the normal bundle N Y 1 ,X 1 has an extension N P1,W1 to P 1 . We set N Y1 = N P1,W1 | Y1 . In this section we describe a method to localize the first Chern class of the bundle N Y1 and to define residues at either the "singularities" of f 1 on Y 1 or those of Y 1 . The general setting is as follows. Let W be a complex manifold of dimension r, P ⊂ W a non-singular hypersurface and X a surface with isolated singularities in W . Suppose P intersects X generically transversely. Let X r be the non-singular part of X and X nt the set of non-transversal points in P ∩X r , as before. Let Y be a curve in X ∩P (note that Y may not be the entire X ∩P ). We set X := X r \X nt and Y := Y ∩ X (note that Y is a non-singular curve). We assume that Y is globally irreducible, for otherwise one can work on each irreducible component separately. Suppose f : W → W is a holomorphic map such that f | P = Id P , f (X) ⊂ X and that f acts as the identity on the normal bundle N P,W of P in W . In this situation, we consider the first Chern class c 1 (N Y ) of the line bundle N Y = N P,W | Y and will see that it is localized at the singularities of Y and of f | X on Y .
First, in the above situation, we may construct a one-dimensional distribution (with singularities) in T X| Y as follows. Let V be a neighborhood of a point p ∈ Y in W . Shrinking V if necessary, we endow V with local coordinates (z 1 , . . . , z r ) in such a way that
By hypothesis g(X ) ⊂ X and g| Y = Id. Moreover the transversality P X implies that N Y ,X = N P,W | Y , and thus g acts as the identity on N Y ,X . In the local coordinates (z 1 , z 2 ) on X , setting g = (g 1 , g 2 ), we may write
Using the coherence of the sheaf of ideals of Y one can show that ν g := min(ν, µ) ≥ 1 is constant on each connected component of Y , and, since Y is assumed to be globally irreducible, it is actually constant on Y . We call ν g the order of g on Y (see [2] or [6] ). Let us define the (local) holomorphic vector field
To see what happens under a coordinate change, let (ẑ 1 , . . . ,ẑ r ) be another local coordinate system as above. Then, for j = 1, 2, we havê
where R 2νg denotes a term divisible by z the vector field defined as (2.2) in theẑ coordinate system, we havê
Thus if we let v g := X g | Y , it is determined uniquely up to multiplications by non-vanishing holomorphic functions and the set
Note that, if g is given by (2.1), then g is tangential at p if and only if ν > ν g and µ = ν g . Thus we recover the definition of non-degenerate map along a curve of fixed points given in [2, 6] . From the coherence of the sheaf of ideals of Y it follows that g is tangential at one point if and only if it is tangential everywhere on the connected component of Y containing such a point (see [6] ).
From the point of view of dynamics the non-tangential situation is trivial. First we recall that a parabolic curve (sometimes called a petal) for a biholomorphism
and for any ζ ∈ ∆ it holds lim k→∞ f
•k (ϕ(ζ)) = p. Then we have (see [5] ):
Proposition 2.1. Let M be a two-dimensional complex manifold , C ⊂ M a nonsingular (possibly non-compact) curve and f : M → M a holomorphic map ( = Id M ). Suppose f | C = Id C , f acts as the identity on the normal bundle N C,M and f is non-tangential on C. Then for every but a discrete set of points in C there exist parabolic curves for f .
Thus for our aim we assume that g is tangential on Y . In this case we may write g locally as g = (g 1 , g 2 ) with
where
, and the vector field X g is given by
Let Y 0 := Y \Sing(g). We may define a holomorphic action (see, e.g. [16, Chap. II, 9])
as follows. Let ρ also denote the canonical projection T X | Y0 → N Y0,X . An element v ∈ Ξ g is given by v = ξX g | Y0 for some C ∞ function ξ; an element w ∈ N Y0,X is given by w = ρ(w| Y0 ) for somew ∈ T X . Then we define
One easily sees that α is independent of the extensionw chosen to define it. Also, whereas X g depends on the local coordinates chosen, α does not. This is clear if ν g > 1 because of (2.4) and the very definition of α. To see that this is always the case we need a refinement of (2.4) in the tangential case. In such a case, using the notation as in (2.4) and taking into account that (
From this equation and from (2.3), we obtain
where T 1 is a vector of the form κ(z 1 , z 2 )v with κ(0, z 2 ) ≡ 0 and ρ(v| Y0 ) = 0 and, as usual, R 2 is a vector whose coefficients are divisible by z 2 1 . Using this expression in the very definition of α it is easy to see that it is well-defined.
From the holomorphic action α we can define an α-connection for N Y0,X on Y 0 (see [16, Chap. II, 9] ), that is a connection ∇ 0 such that (∇ 0 ) v (w) = α(v, w) for v ∈ T Y 0 = Ξ g and w ∈ N Y0,X . If ∇ 0 is an α-connection for N Y0,X on Y 0 we have the "Bott vanishing" c 1 (∇ 0 ) = 0, where c 1 is the first Chern polynomial [4, 16] . Now using theČech-de Rham cohomology we can localize c 1 (N P,W | Y ) as follows. Let U 0 be a tubular neighborhood of Y 0 in P . If ∇ 0 is an α-connection for N Y0,X on Y 0 , we may endow N P,W on U 0 with the connection given by the pull-back of ∇ 0 by the retraction, which we also denote by ∇ 0 . Let U 1 be a neighborhood of Σ := Sing(Y ) ∪ Sing(g) in P such that U 1 is the union of disjoint open sets U 1,γ each of them containing exactly one point -say p γ -of Σ and that N P,W is trivial on each U 1,γ . LetR 1,γ ⊂ U 1,γ be a small real 2(r − 1)-dimensional closed disk containing p γ in its interior and such that ∂R 1,γ intersects transversally Y 0 . Let R 1,γ :=R 1,γ ∩ Y and L γ := ∂R 1,γ , which is the link of the singularity p γ of Y . Let ∇ 1 be a connection for N P,W on U 1 . Since U 1 is a trivializing set for N P,W , we may choose ∇ 1 to be trivial on each U 1,γ with respect to some frame. We have the Bott difference form c 1 (∇ 0 , ∇ 1 ) of the two connections, which is a 1-form on . Since the last integral may be written as (X ∩ P ) · Y (see Appendix below), we have the following "residue theorem". Theorem 2.2. Let W be a complex manifold , P ⊂ W a non-singular hypersurface and X a surface with isolated singularities in W . Suppose P intersects X generically transversely. Let Y be a curve in X ∩ P . Suppose there exists a holomorphic map f : W → W such that f | P = Id P , f (X) ⊂ X and f | X is tangential on the nonsingular part of Y . Let Σ := Sing(Y ) ∪ Sing(f | X ). Then:
(1) For each point p γ in Σ, we have a residue Res(f, Y, X ∩ P ; p γ ) ∈ C, which is determined only by the local behavior of f near p γ and is given by
(2) If Y is compact, Σ is a finite set and we have
Remark 2.3. In the above, (X ∩ P ) · Y denotes the (global) intersection number of the curves X ∩ P (which is Cartier) and Y (which may not be Cartier) in X and, as noted above, is equal to Y c 1 (N P,W ) (see Appendix A.4). In particular, suppose that P is a projective space, as in the blow-up situation. Then, denoting by H a hyperplane in P and by L H the associated line bundle, we have N P,W = −L H . Thus we may write
Now we wish to find an explicit expression for Res(f, Y, X ∩ P ; p γ ). For this purpose, let us recall briefly how the form c 1 (∇ 0 , ∇ 1 ) is defined. Consider the vector bundle E := N P,W × R over (U 1 ∩ U 0 ) × R and let∇ be the connection for E given by∇ :
, where β * is the integration along the fibers of the projection β : (
We may assume that there exists an open set V 1,γ in W with local coordinates (z 1 , . . . , z r ) such that V 1,γ ∩ P = U 1,γ = {z 1 = 0}. We may take ρ( ∂ ∂z1 ) as a frame for N P,W and assume that ∇ 1 is ρ( ∂ ∂z1 )-trivial, i.e. the connection form θ 1 of ∇ 1 with respect to ρ( ∂ ∂z1 ) is zero; θ 1 = 0. Therefore, ifθ is the connection form of∇, it followsθ = (1 − t)θ 0 , where θ 0 is the connection form of ∇ 0 . Then we compute
By the parameterization theorem we may find a holomorphic function h on V 1,γ such that the restriction of dz 1 ∧ dh to X does not vanish on a neighborhood of Y 0 ∩U 1,γ . Thus (z 1 , h) are local coordinates on X and h is a local coordinate on Y , ) is the frame chosen for N P,W on U 1,γ and θ 0 is defined by ∇ 0 (ρ(
Therefore, noting that
, we get an expression for θ 0 on Y 0 ∩ U 1,γ :
Hence we have
Note that the residue as defined above is "additive" with respect to decompositions of Y . Namely, let Y = ∪Y λ be a local decomposition of Y at p γ , with the Y λ 's curves with no common irreducible components, then .7) coincides with the index Ind(f, Y ; p γ ) defined in [2] in case Y is non-singular at p γ , and with the one defined in [6, Definition 6] in case Y is singular at p γ (see also [5] ). More generally if p γ is a non-singular point of X, the residue coincides with Ind(f, Y, X ∩ P ; p γ ) in [6, Definition 5] . It would be interesting but seems to be difficult to define an "absolute" residue on Y when p γ is a singular point of X. We can do it in case the singularity is absolutely isolated as we now show.
Assume we are in the hypotheses of Theorem 2.2 and assume we can write X∩P = Y ∪( s j=1 Y j ) as union of finitely many components. Let p γ be an absolutely isolated singularity of X. Then by Appendix A.6, we can well define the local intersection numbers (Y ·Y j ) pγ and, if Y is compact, the global intersection numbers Y · Y and Y · Y j , for j = 1, . . . , s. Thus in such a situation we define:
if Y is compact, from Theorem 2.2, we have Theorem 2.6. In the situation of Theorem 2.2, suppose also that X has only absolutely isolated singularities on Y . Then:
(1) For each point p γ in Σ, we have a residue Res(f, Y ; p γ ) ∈ C, which is determined only by the local behavior of f near p γ and is given by (2.9). (2) If Y is compact, Σ is a finite set and we have
Explicit formulas for Res(f, Y ; p γ ) are obtained using formulas (2.7) and (A.1). We leave the actual calculation to the interested reader. If X is non-singular, the above theorem reduces to [6, Theorem 2] , see also [5, Theorem 6.2].
Behavior of Residues under Blow-Ups
In this section we examine how the residues introduced in the previous section behave under blow-ups. We use the same notation as in Sec. 2. Let p ∈ Σ be such that Res(f, Y, X ∩ P ; p) = 0.
Let π :W → W be the blowing-up at p. Let D := π −1 (p). Thus π :W \D → W \{p} is biholomorphic. LetX,Ỹ andP be the strict transforms of X, Y and P , respectively. By construction,Ỹ is a curve inX ∩P satisfying the conditions as Y in the previous section. In view of Lemma 2.4, we have df p = Id. Thus there exists a holomorphic mapf :W →W such thatf| D = Id and π •f = f • π. Note thatf |X is tangential onỸ . First suppose that Y is irreducible at p. ThusỸ ∩ D := {q}. We wish to calculate Res(f ,Ỹ ,X ∩P ; q). To do that, let us introduce coordinates (z 1 , . . . , z r ) in a neighborhood V of p in W so that P ∩V = {z 1 = 0}, the restriction of dz 1 ∧ dz r to X does not vanish near Y ∩ V and the hyperplane z r = 0 is general with respect to Y (see Appendix A.2). Then z r is a local coordinate around each point in Y . Let (w 1 , . . . , w r−1 , u) be local coordinates onW in such a way that π(w 1 , . . . , w r−1 , u) = (uw 1 , . . . , uw r−1 , u) . ThusP = {w 1 = 0} and D = {u = 0}. Moreover the restriction of dw 1 ∧ du toX \{q} does not vanish nearỸ for, since the restriction π|X of π is biholomorphic outside D,
Thus by (2.7), we have
whereL is the link of the singularity q ofỸ . Note thatL = π * L, with L the link of the singularity p of Y . Since
Nowf |X = Id + w 1 H for some holomorphic map H = (H 1 , H 2 ) nearỸ . Thus, indicating by ., . the scalar product between vectors, we have
.
where m(Y, p) ≥ 1 is the multiplicity of Y at p (see Appendix A.2). From (3.1) and (3.2), we obtain
Remark 3.1. In case p ∈ X r , we have (z 1 • π)|X = u m v, where v is a defining function ofỸ inX and m = m(Y, p). Thus w 1 |X = u m−1 v. Therefore, arguing as before,
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where Ind(f ,Ỹ ; q) is the index defined in [6] . Therefore in such a case, from Remark 2.5 and (3.3), we recover [6, (5) ], that is
Now suppose Y may not be irreducible at p and let Res(f ,Ỹ ,X ∩P ;
Existence of Parabolic Curves for t-absolutely Isolated Singularities whose Resolution Graph is a Tree
The aim of this section is to prove the following result:
Theorem 4.1. Let X be a surface with an irreducible t-absolutely isolated singularity p ∈ X whose resolution graph is a tree. Let f : X → X be a holomorphic map such that p is an isolated fixed point of f and df p = Id. Then there exists at least one parabolic curve for f at p.
By the consideration of Sec. 1, we may assume that X ⊂ C r = W 0 . Blow up the point p. We find an r-dimensional complex manifold W 1 , a holomorphic map f 1 : W 1 → W 1 and an (r − 1)-dimensional projective space P 1 ⊂ W 1 such that f 1 | P1 = Id P1 and f 1 acts as the identity on N P1,W1 . Moreover there is a surface X 1 ⊂ W 1 , the strict transform of X, so that f 1 (X 1 ) ⊂ X 1 , Sing(X 1 ) ∪ X nt 1 is a finite set contained in X 1 ∩ P 1 and
If f 1 | X1∩P1 is non-tangential on the non-singular part of some irreducible component of X 1 ∩ P 1 , there exist infinitely many parabolic curves for f 1 contained in X 1 by Proposition 2.1. Those parabolic curves project down to parabolic curves in X for f at p. Thus assume f 1 is tangential on the non-singular part of each irreducible component of X 1 ∩ P 1 . Let us write X 1 ∩ P 1 = ∪ s1 k1=1 Y 1,k1 with each Y 1,k1 globally irreducible (note that each Y 1,k1 is also locally irreducible for the hypothesis on the dual graph of the resolution of X at p).
We first recall the following result from [2, 5] :
Assume f is a germ of holomorphic self map of C 2 at 0. Let E be the set of fixed points of f at 0. Suppose that E is a non-singular curve passing through 0 and f is tangential on E. If Res(f, E; 0) ∈ Q + ∪ {0} then there exists at least one parabolic curve for f at 0.
Therefore if there exists a point q belonging to the non-singular part of exactly one component Y 1,k1 such that Res(f 1 , Y 1,k1 , X 1 ∩ P 1 ; q) ∈ Q + ∪ {0}, then by Remark 2.5 and Proposition 4.2, there exists a parabolic curve for f 1 at q which projects down to a parabolic curve for f at p.
Thus we may assume that all points where the residue is not rational positive nor zero are contained in Sing(X 1 ) ∪ X nt 1 . Now the idea is to blow-up one by one the points for which the residue is not positive rational nor zero (note that, by Theorem 2.2, there always exists such a point and that, by Lemma 2.4, we can well define the lift of f 1 at that point).
We show that, after a finite number of blow-ups, we find either a component of an irreducible curve where the lift of f 1 is non-tangential or a point where we can apply Proposition 4.2. The proof will be by contradiction.
As a matter of notation, let us denote by X j the strict transform of X at the jth blow-up and by P i the exceptional divisor born at the ith blow-up and all its strict transforms at the subsequent blow-ups. Also, let us denote by ∪ sj kj =1 Y j,kj the union in irreducible components of the intersection between X j and P j at the jth blow-up. We also denote by the same symbol Y j,kj the strict transform of the curve Y j,kj after blow-ups. Note that, for j > i, X j ∩ P i (the intersection of X j and the strict transform of P i ) is equal to ∪ si ki=1 Y i,ki (see Lemma A.6 below). We also denote by f j the lift of f at the jth blow-up.
As said, we blow up a point q ∈ X j if
for some i ≤ j and k i ∈ {1, . . . , s i }. We remark once more that by Lemma 2.4, it follows that (df j ) q = Id and therefore we can well define the lift f j+1 . Note also that by (3.3) , ifq is the point of intersection between the strict transform of Y i,ki and the exceptional divisor P j+1 ,
Therefore if we do not find either a component of an irreducible curve where the blow-up of f j is non-tangential or a point where we can apply Proposition 4.2, we keep on blowing up.
Notice
. . , j, k i = 1, . . . , s i , but q ∈ Sing(X j ) then necessarily (df j ) q = Id. One way to see this is to consider the two residues r 1 := Res(f j , Y 1 ; q) and r 12 := Res(f j , Y 1 , Y 1 ∪ Y 2 ; q), which coincide with the ones defined in [6] for X is non-singular at q, see Remark 2.5. Since r 12 = r 1 +(Y 1 ·Y 2 ) q , r 1 and r 12 cannot be both equal to zero. However, if (df j ) q = Id, then by Lemma 2.4 it would follow r 1 = r 12 = 0. Thus (df j ) q = Id and we can freely blow-up at q.
Then we can assume that after a certain number -say m -of blow-ups, the strict transform X m contains a family of irreducible curves {Y j,kj }, j = 1, . . . , r, k j = 1, . . . , s j such that, outside Sing(X m ), the family has only normal crossing intersections, i.e. if q ∈ Sing(X m ) and q ∈ Y i,ki then there exists at most one curve Y j,kj such that Y i,ki intersects transversally Y j,kj at q. Moreover if q is such a point of transversal intersection between two components we can define (as in (2.9)) the intrinsic residue Res(f m , Y j,kj ; q) by subtracting from Res(f m , Y j,kj , X m ∩ P j ; q) the "excess" given by the intersection number at q between (X m ∩ P j )\Y j,kj and Y i,ki . Note that if Res(f m , Y j,kj , X m ∩P j ; q) ∈ Q + ∪{0} then this is so for Res(f m , Y j,kj ; q). Also, by Remarks 2.5 and 3.1, it follows that Res(f m , Y j,kj ; q) is the index defined in [2, 5] .
In particular, blowing up some more if necessary, we can exploit the reduction theorem of singularities for f m (see [ 
Summing up, we have a surface X m , a holomorphic map f m : X m → X m fixing a family of irreducible curves {Y j,kj } and being tangential on the non-singular part of such curves. Outside Sing(X m ), the family {Y j,kj } has only normal crossing intersections. Also, by the hypothesis on the dual graph of the resolution, each two curves intersect each other in at most one point (three or more curves might intersect at one point only if such a point is in Sing(X m )). The residues of f m at points not belonging to the normal crossing intersections of the family {Y j,kj } are all positive rational or zero, while the intrinsic residues at crossings are of type ( * 1 ) or ( * 2 ). Note that the residue at each point in Sing(X m ) is also positive rational or zero so that, even if we blow up the point, we may not be able to lift f m .
If Sing(X m ) = ∅, one might argue as in the proof of [7, Proposition 3.3 ] to find a contradiction. However in general we have points in Sing(X m ) which might not be resolved (for the map cannot be lifted there) and we have to argue differently.
We define a new family {Z i } from the family {Y j,kj } as follows. We say that Y j1,kj 1 , . . . , Y jt,kj t form a chain if j 1 = · · · = j t and there exist {q 1 , . . . ,
We give an equivalence relation on {Y j,kj } saying that Y i,ki ∼ Y j,kj if there exists a chain joining Y i,ki and Y j,kj (also, by definition, each curve is equivalent to itself). In particular if two curves are equivalent then they were born at the same blow-up. We define the Z j 's to be the union of equivalent curves. Thus, for instance, Z 1 is the union of Y 1,1 and all the curves Y 1,k1 equivalent to Y 1,1 . Note that by hypotheses on the dual graph of the resolution, for any i = j, Z j intersects Z i in at most one point (but three or more Z j 's might intersect at one point of Sing(X m )). Now we want to select a "good" subfamily of {Z j }. We say that Z j is younger than Z i if there exists q ∈ Sing(X m ) such that Z i ∩ Z j = {q} and if Y j,kj ⊂ Z j , Y i,ki ⊂ Z i it follows that j > i. Note that given Z i , Z j , either Z i ∩ Z j ∈ Sing(X m ) or Z i is younger than Z j or Z j is younger than Z i . In other words we say that Z j is younger than Z i if they intersect at one singular point of X m and Z j is made of curves generated by a blow-up happened after the blow-up which generated the curves contained in Z i . Remark 4.3. By definition, if the element Z j is the union of curves generated at the ith blow-up and q ∈ Sing(X m ) ∩ Z j , then Z j is the youngest element at q if and only if Z j = X m ∩ P i at q. Lemma 4.4. There exists a subfamily B = {Z ja } of {Z j } such that
Z ja is connected , (2) Z ja is not younger than Z j b for any j a , j b , (3) if Z i ∈ B intersects Z j ∈ B at q, then q ∈ Sing(X m ) and Z j is younger than Z i .
Proof. We prove by induction on the number N of singularities of X m contained in at least two different Z j 's. If N = 0, then we are done with B = {Z j }. Suppose N > 0 and let q be a singularity of X m contained in two (or more) different Z j 's. Let Z j0 be the youngest element passing through q. Then discard all the other Z k 's containing q. Since the dual graph of the resolution of the singularity is a tree, eliminating those Z k 's divides the dual graph of {Z j } into (at least) two connected components. Take the one containing Z j0 , where we have at most N −1 singularities of X m contained in (at least) two different Z j 's.
Note that two elements of B either do not intersect or intersect transversally at one point; thus the dual graph of B is a tree. Also, by Corollary A.8, the intersection matrix (Z ja · Z j b ) is negative definite. Now, for any element Z ja of the family B, we define the intrinsic residue at a point q ∈ Z ja as follows. If q ∈ Sing(X m ) then Res(f m , Z ja ; q) = Res(f m , Y j,kj ; q), provided q ∈ Y j,kj ⊂ Z ja (by construction there is only one curve in Z ja passing through q in such a case). If q ∈ Sing(X m ) then Res(f m , Z ja ; q) = kj |q∈Y j,k j ⊂Zj a Res(f m , Y j,kj , X m ∩ P j ; q) , which is rational positive or 0. By Remark 4.3 and Theorem 2.6, for any Z ja ∈ B we have then Now we can argue as in the [7, Proof of Proposition 3.3] to reach the contradiction. We recall such an argument here for the reader convenience.
Fix an element Z in B. Since the dual graph of B is a tree, we can give it an order so that Z is the maximal element. We define the level of each element in B as in [7] and suppose Z is at level N (that is, the highest). In general, an element Z ja is at level , if the (only) element that is greater than Z ja and is intersecting with (is connected to) Z ja is at level + 1. The minimal elements are at level 0 (that is,
